Abstract
1-page drawings of K m,n 52
Although calculating the 1-page crossing number of the complete graph K n is trivial, this 53 is by no means the case for the complete bipartite graph K m,n . Still, our knowledge about 54 ν 1 (K m,n ) is almost completely satisfactory, due to the following result by Riskin [20] .
55
Theorem 1 (Riskin [20] ). If m n then ν 1 (K m,n ) = 1 12 n(m − 1)(2mn − 3m − n), and this 56 minimum value is attained when the m vertices are distributed evenly amongst the n vertices. cr r (K 2r+1,n ) = n 2r(2r − 1) n − r(2r − 1) n 2r(2r − 1) − 1 .
Using this result and our previous observation ν k (G) ≥ cr k/2 (G), one obtains:
86
Theorem 2 (Follows from [22, Theorem 3]). For every even integer k and every integer n,
Regarding general lower bounds, using the following inequality from [22, Theorem 5]
Exact pagenumbers
We have calculated the exact pagenumbers of several complete bipartite graphs:
104
Theorem 3. For each k ∈ {2, 3, 4, 5, 6}, the pagenumber of K k+1, (k+1) 2 /4 +1 is k + 1.
105
The proof of this statement is computer-aided, and is based on the formulation of ν k (K m,n )
106
as a vertex coloring problem on an associated graph. This is presented in Section 3.
107
By the clever construction by Enomoto, Nakamigawa, and Ota [12] , K k+1, (k+1) 2 /4 can be 108 embedded into k pages, and so Theorem 3 implies (for k ∈ {2, 3, 4, 5, 6}) that 2.2 The k-page crossing number of K k+1 , n: exact results and bounds
113
Independently of the intrinsic value of learning some exact pagenumbers, the importance of
114
Theorem 3 is that we need these results in order to establish the following general result.
115
We emphasize that we follow the convention that a b = 0 whenever a < b.
116
Theorem 4. Let k ∈ {2, 3, 4, 5, 6}, and let n be any positive integer. Define := In this statement we have included the case k = 2 again for completeness, as it asserts the 119 well-known result that the 2-page crossing number of K 3,n equals Z(3, n) = n 2 n−1 2 .
120
Although our techniques do not yield the exact value of ν k (K k+1,n ) for other values of k,
121
they give lower and upper bounds that imply sharp asymptotic estimates:
122
Theorem 5. Let k, n be positive integers. Then
To grasp how this result relates to the bound in Theorem 2, let us note that the correspond-
125
ing estimate (lower bound) from Theorem 2 is lim k→∞ lim n→∞ ν k (K k+1,n )/(2n 2 /k 2 ) ≥ 126 1/4. Theorem 5 gives the exact asymptotic value of this quotient.
127
In a nutshell, the strategy to prove the lower bounds in Theorems 4 and 5 is to establish lower bounds for ν k (K k+1,n ) obtained under the assumption that ν k (K k+1,s+1 ) cannot be 129 k-page embedded (for some integer s := s(k)). These results put the burden of the proof of for ν k (K k+1,n ) needed for both Theorems 4 and 5 are established in Section 4.
134
In Section 5 we prove the upper bounds on ν k (K k+1,n ) claimed in Theorems 4 and 5. To 135 obtain these bounds, first we find a particular kind of k-page embeddings of K k+1, (k+1) 2 /4 , 136 which we call balanced embeddings. These embeddings are inspired by, although not equal 137 to, the embeddings described by Enomoto et al. in [12] . We finally use these embeddings 138 to construct drawings of ν k (K k+1,n ) with the required number of crossings.
139
Using the lower and upper bounds derived in Sections 4 and 5, respectively, Theorems 4 140 and 5 follow easily; their proofs are given in Section 6.
141
2.3 General upper bounds for ν k (K m,n )
142
As we mentioned above, we found no general upper bounds for ν k (K m,n ) in the literature.
143
We came across a rather natural way of drawing K m,n in k pages, that yields the general 144 upper bound given in the following statement.
145
Theorem 6. Let k, m, n be nonnegative integers. Let r := m mod k and s := n mod k.
The proof of this statement is given in Section 7. As we have already observed, for every even integer k, every k-page drawing can be regarded 150 as a (k/2)-planar drawing. Thus, for every graph G, cr k/2 (G) ≤ ν k (G).
151
Since there is (at least in principle) considerable more freedom in a (k/2)-planar drawing 152 than in a k-page drawing, it is natural to ask whether or not this additional freedom can n, the answer is yes. Indeed, Beineke [1] We start by observing that for every integer n, the graph K k+1,n can be embedded in 170 k + 1 pages, and so the pagenumber p( 
186
Lemma 8 (Orbit counting lemma). Let a finite group G act on a finite set Ω. Denote by Ω g , for g ∈ G, the set of elements of Ω fixed by g. Then the number N of orbits of G on Ω is the average, over G, of |Ω g |, i.e.
We will apply this lemma by considering that a circular drawing of K m,n is uniquely de-
187
termined by the ordering of the m blue and n red vertices on a circle. We therefore define i.e. correspond to the same circular drawing of K m,n , if they belong to the same orbit of G.
191
We therefore only need to count the number of orbits by using the last lemma. Lemma 9. Let m and n be positive integers and denote d = gcd(m, n). The number of 195 distinct circular drawings of K m,n equals: 
199
In what follows we will present computer-assisted proofs that the chromatic number of
is greater than k, for specific integers k, m, n. We do not need to compute the 201 chromatic number exactly if we can prove that it is lower bounded by a value strictly greater 202 than k. A suitable lower bound for our purposes is the Lovász ϑ-number. 
where ω(Ḡ) and χ(Ḡ) are the clique and chromatic numbers of the complementḠ of G, 206 respectively.
207
The ϑ(G)-number may be computed for a given graph G by using semidefinite programming 
217
For given G = (V, E) with adjacency matrix A, and set of colors C = {1, . . . , k}, define the 218 binary variables
and consider the integer programming feasibility problem:
220
Find an x ∈ {0, 1} V ×C such that
Lemma 12. A given graph G = (V, E) is k-colorable if and only if the integer program (2) 221 has a solution.
222
We may therefore solve (2) with
Case k = 6: proof of ν 6 (K 7,13 ) > 0. Our aim in this section is to establish lower bounds for ν k (K k+1,n ). Our strategy is as follows.
246
First we find (Proposition 13) a lower bound under the assumption that K k+1,s+1 cannot be 247 k-page embedded (for some integer s := s(k)). Then we find values of s such that K k+1,s+1
248 cannot be k-page embedded; these are given in Propositions 14 (for k ∈ {2, 3, 4, 5, 6}) and 15
249
(for every k). We then put these results together and establish the lower bounds required 
251
Proposition 13. Suppose that K k+1,s+1 cannot be k-page embedded. Let n be a positive 252 integer, and define q := n mod s. Then
Proof. It is readily verified that if n ≤ s then the right hand side of the inequality in the 254 proposition equals 0, and so in this case the inequality trivially holds. Thus we may assume 255 that n ≥ s + 1.
256
Let D be a k-page drawing of K k+1,n . Construct an auxiliary graph G as follows. Let V (G) 257 be the set of n degree-(k + 1) vertices in K k+1,n , and join two vertices u, v in G by an edge 258 if there are edges e u , e v incident with u and v (respectively) that cross each other in D.
259
Since K k+1,s+1 cannot be embedded in k pages, it follows that G has no independent set of 260 size s + 1. Equivalently, the complement graph G of G has no clique of size s + 1. Turán's 261 theorem asserts that G cannot have more edges than the Turán graph T (n, s), and so G 262 has at least as many edges as the complement T (n, s) of T (n, s). We recall that T (n, s) is
263
formed by the disjoint union of s cliques, q of them with (n − q)/s + 1 vertices, and s − q 264 of them with (n − q)/s vertices. Thus
Since clearly the number of crossings in D is at least |E(G)|, and D is an arbitrary k-page 266 drawing of K k+1,n , the result follows.
267
Proposition 14. For each k ∈ {2, 3, 4, 5, 6}, K k+1,
+1 cannot be k-page embedded.
268
Proof. This is an immediate consequence of Theorem 3.
Proposition 15. For each positive integer k, the graph K k+1,k 2 /4+500k 7/4 cannot be k-page 3)(n − 1) + r (n − r ) (for certain r ≤ r).
279
Noting that r ≤ r, the inequality m 1 ≤ n 3/4 (n − r) gives m 1 ≤ n 3/4 (n − r ). Elementary 280 manipulations give m 2 < 2n(n 1/4 + 1) 2 = 2n(n 1/2 + 2n 1/4 + 1) ≤ 2n(4n 1/2 ) = 8n 3/2 < 8n 7/4 , 281 and m 3 < n(2n 1/4 + 3) 3 + r (n − r ) < n(5n 1/4 ) 3 + r (n − r ) = 125n 7/4 + r (n − r ). Thus
282
we obtain g(n) ≤ m 1 + m 2 + m 3 < 133n 7/4 + (n 3/4 + r )(n − r ). An elementary calculus 283 argument shows that (n 3/4 + r )(n − r ) is maximized when r = (n − n 3/4 )/2, in which case
284
(n 3/4 + r )(n − r ) = (1/4)(n 3/4 + n) 2 = (1/4)(n 3/2 + 2n 7/4 + n 2 ) < (1/4)(n 2 + 3n 7/4 ).
285
Thus we get g(n) < 133n 7/4 + n 2 /4 + (3/4)n 7/4 < n 2 /4 + 134n 7/4 , and so g(k + 1)
288 cannot be k-page embedded.
289
Lemma 16. For each k ∈ {2, 3, 4, 5, 6}, and every integer n,
where := (k + 1) 2 /4 and q := n mod (k + 1) 2 /4 .
291
Proof. It follows immediately from Propositions 13 and 14.
292
Lemma 17. For all positive integers k and n,
Proof. By Proposition 15 it follows that K k+1,k 2 /4+500k 7/4 cannot be k-page embedded. Thus, if we let s := k 2 /4 + 500k 7/4 − 1 and q := n mod s, it follows from Proposition 13 that
5 k-page crossing numbers of K k+1,n : upper bounds
294
In this section we derive an upper bound for the k-page crossing number of K k+1,n , which 295 will yield the upper bounds claimed in both Theorems 4 and 5.
296
To obtain this bound we proceed as follows. First, we show in Proposition 18 that if for 297 some s the graph K k+1,s admits a certain kind of k-page embedding (what we call a balanced 298 embedding), then this embedding can be used to construct drawings of ν k (K k+1,n ) with a 299 certain number of crossings. Then we prove, in Proposition 19, that K k+1, (k+1) 2 /4 admits 300 a balanced k-page embedding for every k. These results are then put together to obtain 301 the required upper bound, given in Lemma 20. 
Extending balanced k-page embeddings to k-page drawings

303
We consider k-page embeddings of K k+1,s , for some integers k and s. To help comprehension, 304 color the k + 1 degree-s vertices black, and the s degree-(k + 1) vertices white. Given such 305 an embedding, a white vertex v, and a page, the load of v in this page is the number of 306 edges incident with v that lie on the given page.
307
The pigeon-hole principle shows that in an k-page embedding of K k+1,s , for each white 
311
Proposition 18. Suppose that K k+1,s admits a balanced k-page embedding. Let n ≥ s, and 312 define q := n mod s. Then
Proof. Let Ψ be a balanced k-page embedding of K k+1,s , presented in the circular model.
314
To construct from Ψ a k-page drawing of K k+1,n , we first "blow up" each white point as follows.
316
Let t ≥ 1 be an integer. Consider a white point r in the circle, and let N r be a small 317 neighborhood of r, such that no point (black or white) other than r is in N r . Now place 318 t − 1 additional white points on the circle, all contained in N r , and let each new white point 319 be joined to a black point b (in a given page) if and only if r is joined to b in that page. We 320 say that the white point r has been converted into a t-cluster.
321
To construct a k-page drawing of K k+1,n , we start by choosing (any) q white points, and 322 then convert each of these q white points into an ((n − q)/s + 1)-cluster. Finally, convert 323 each of the remaining s − q white points into an ((n − q)/s)-cluster. The result is evidently 324 an k-page drawing D of K k+1,n .
325
We finally count the number of crossings in D. Consider the t-cluster C r obtained from 326 some white point r (thus, t is either (n − q)/s or (n − q)/s + 1), and consider any page π i .
327
It is clear that if the load of r in π i is 1, then no edge incident with a vertex in C r is crossed = st.
346
To help comprehension, we color the s + t degree-st vertices black, and we color the st 347 degree-(s + t) vertices white. We describe the required embedding using the circular model.
348
Thus, we start with s + t − 1 pairwise disjoint copies of a circle; these copies are the pages 349 0, 1, . . . , s + t − 2. In the boundary of each copy we place the s + t + st vertices, so that 350 the vertices are placed in an identical manner in all s + t − 1 copies. Each edge will be 351 drawn in the interior of the circle of exactly one page, using the straight segment joining 352 the corresponding vertices.
353
We now describe how we arrange the white and the black points on the circle boundary. We Lemma 20. For all positive integers k and n,
390
Proof. It follows immediately by combining Propositions 18 and 19.
391
6 Proofs of Theorems 4 and 5
392
We first observe that Theorem 4 follows immediately by combining Lemmas 16 and 20.
393
Now to prove Theorem 5, we let := (k + 1) 2 /4 and q := n mod (k + 1) 2 /4 , and note that it follows from Lemma 20 that
Combining this with Lemma 17, we obtain
proving Theorem 5. We now describe a quite natural construction to draw K m,n in k pages, for every k ≥ 3.
397
Actually, our construction also works for the case k = 2, and for this case the upper bounds Proof of Theorem 6. For simplicity, we color the m vertices black, and the n vertices white.
Let p, q, r, s be the nonnegative integers defined by the conditions m = kp + r and 0 ≤ r ≤ 401 k − 1, and n = kq + s and 0 ≤ s ≤ k − 1 (note that the definitions of r and s coincide 402 with those in the statement of Theorem 6). Our task is to describe a drawing of K m,n with 403 exactly (m − r)(n − s)(m − k + r)(n − k + s)/(4k 2 ) crossings.
404
We start our construction by dividing the set of black vertices into k groups B 0 , B 1 , . . . , B k−1 ,
405
so that k − r of them (say the first k − r) have size p, and the remaining r have size p + 1.
406
Then we divide the set of white vertices into k groups W 0 , W 1 , . . . , W k−1 , such that k − s 407 of them (say the first k − s) have size q, and the remaining s have size q + 1.
408
Then (using the circular drawing model) we place the groups alternately on a circumference, In view of (3), we have 
We also invoke the upper bound cr k (K n ) ≤ (1/64)k(n+k 2 ) 4 /(k −1) 3 , which holds whenever 435 k is a power of a prime and n ≥ (k − 1) 2 (see [22, Theorem 7] ). This immediately yields
436
MultiplanarComplete ≤ 3 8 .
We also note that the observation cr k/2 (K m,n ) ≤ ν k (K m,n ) immediately implies that
437
MultiplanarBipartite ≤ 1 4 · BookBipartite.
Finally, applying the Richter-Thomassen counting argument [19] for bounding the crossing 438 number of K 2n in terms of the crossing number of K n,n (their argument applies unmodified 439 to k-planar crossing numbers), we obtain
440
MultiplanarComplete ≥ 3 2 · MultiplanarBipartite.
Suppose that the multiplanar drawings of Shahrokhi et al. [22] are asymptoticall optimal. In 441 other words, suppose that equality holds in (5). Using (7), we obtain BookBipartite ≥ 1, 442 and by (4) then we get BookBipartite = 1. Moreover (again, assuming equality holds in
443
(5)), using (8), we obtain MultiplanarComplete ≥ 3/8, and so in view of (6) we get totically optimal), the additional freedom of (k/2)-planar over k-page drawings of K m,n 447 becomes less and less important as the number of planes and pages grows. In addition, un-448 der this scenario the k-planar crossing number of K n also gets (asymptotically) determined. 
